Introduction
Let Z n be the ring of integers modulo n, and Z * n be the set of all the invertible elements of Z n . For a partition Classical cyclotomy whose modular is prime was first considered by Gauss in [12] . For the generalized cyclotomy whose modular n is composite, Whiteman first introduced a generalized cyclotomy of order d on the purpose of searching for difference sets [21] . In [5] see [1] , [6] , [7] , [17] . Multi-rate representation arose in [8] while the hardware implementation (which is called two-prime generator) of a generalized cyclotomic sequence of order 2 with n = p 1 p 2 was proposed. Latterly, Yan et al. gave multi-rate construction of two generalized cyclotomic sequences of order 2 with n = p 1 p 2 by trace representations [18] . Parker also mentioned that a twin prime sequence could be represented by Legendre sequences [16] .
Based on a unified representation of generalized cyclotomic classes, we will discuss the multi-rate representation of generalized cyclotomic sequences of any odd period. In Sect. 2, we present some basic notations and results on generalized cyclotomy, primitive root and multiplicative character. In Sect. 3, we first introduce a natural mapping from Z n to the multiplicative group C d , whose elements are all complex roots of x d − 1 = 0. Then we show that each sequence defined on those generalized cyclotomic classes of order d is a sum of some d-residue sequences by multi-rate representation. Linear complexity analysis on generalized cyclotomic sequences is proposed especially for d = 2 in Sect. 4. In Sect. 5, we summarize our work.
Preliminaries

Generalized Cyclotomy over Z p e
An integer h is called a primitive root of n if the multiplicative order of h modulo n, denoted by ord n (h), is equal to φ(n), where φ(n) is the Euler function and gcd(h, n) = 1. It is well known that primitive roots exist when n is p e , 2p e , 1, 2 or 4, where p is an odd prime and e is a positive integer [15] .
Let d (d > 1) be an integer which divides p − 1, and g be a fixed primitive root of p e . Define H 
Note 
and
are called generalized cyclotomic classes of order d with respect to a and n [11] .
Lemma 1. ([15])Let p be an odd prime. If g is a primitive root modulo p, then either
Let g be a primitive root of p s . In this paper, we define
By Lemma 1, g s is a primitive root of p e s s for e s ≥ 1. Define a set of integers {y 1 , y 2 , · · · , y r } with each y s (s = 1, 2, · · · , r) being the unique solution of the set of congruences:
The existence and uniqueness of y s is guaranteed by the Chinese Remainder Theorem.
Lemma 2.
The mapping τ denoted by
for each x = y Equation (4) also indicates that the one-to-one corresponding from each element y Lemma 3. The mapping τ is the isomorphism in Eq. (2) , and the set
Proof. 
The definitions of τ in Eq. (3) and
, the image set of τ −1 is {y It is easy to check that each mapping ψ s is a multiplicative character (or Dirichlet character, see [15] 
It is also noted that each χ s is a mapping from Z * p es s
The relations among these mappings which are significant for our theorems, are proposed in the following lemma. 
Legendre Sequences and d-Residue Sequences
The Legendre sequence over Z p is define as
where (·) is the Legendre symbol; while the (d-ary) dresidue sequence with respect to a given primitive root g over Z p is defines as
We may view L (p) and R (p) as the identity functions of classical cyclotmic classes of order 2 and order d respectively. Some notations and operations which will be used in the subsequent sections are listed as:
• ⊕, and · are the addition, subtraction and multiplication modulo d; ⊕ 2 is the addition modulo 2.
• The sequence k is the constant sequence {k, k, k, · · · }.
• The scalar-multiplication of a sequence
, which is defined as
Multi-Rate Representation
Firstly, we show that sequences defined from generalized cyclotomic classes over Z p e can be generated by the sequence R (p) . 
Corollary 1. Let the symbols be the same as above. Then the sequence
is identical with the sequence
for those indexes i satisfying gcd(i, n) = 1.
Proof. By Lemma 2, any element x ∈ Z * n can be expressed as x = y 
The result is derived since R Theorems 1 and 2 illustrate the simple structure of generalized cyclotomic classes, so we can use them to compute the generalized cyclotomic numbers from the classical cyclotomic numbers. As an example, Proposition III.2 in [11] proposed such relations of those cyclotomic numbers, while here, by applying Theorems 1 and 2, it can be achieved directly.
The values with the indexes i, gcd(i, n) > 1 are not considered in Theorem 2, since a large unbalanceness occurs in R (a,n) . As an alternation, a modified sequence of R (a,n) which has better balance property is then constructed in Definition 3.
In [9] , we have a partition
Let u > 1 be an integer with u|n, and u = p 
m as the restriction of a over Z u . By employing the same primitive roots g s defined as above, and defining y (u) s i analogous to that of y s with respect to Z u , we then define
Then the partition below holds
by Eq. (8) and the fact
The idea of constructing sequence in Definition 3 arises from Hu's construction over Z p m+1 q n+1 [13] and Edemskiy's construction over Z n for any odd integer n with respect to order d = 2 [10] , while the sequence E (a,n) can be viewed as a generalization of them both.
It is noted that the sequence E (a,n) is not a balanced one unless the vector a = (a 1 , a 2 , · · · , a r ) satisfies that a s 0 for each 1 ≤ s ≤ r. Fortunately, even in the case that a s = 0 for some s, the unbalenceness is smaller compared with that of R (a,n) , since the imbalanceness occurs only when the indexes i satisfy p e s s |i.
Finally, we give multi-rate representation of the se-
for 1 ≤ i j ≤ r, and define the constants
Define the multi-rate sequences Δ s as 
The proof of Theorem 3 can be achieved by using mathematical induction on integer n with respect to both the number r in the prime factorization and the exponent e of each p e . But for the limited pages, we omit it here.
Linear Complexity Properties
In order to get binary sequences from generalized cyclotomy of order d discussed above, we may either assign d to be 2, or choose the support set of a binary sequence as a union of some generalized cyclotomic classes (usually half number of those).
In the former case, the generalized cyclotomic sequences of order 2 defined in Sect. 3 can be generated from Legendre sequences. As examples, in [2] and [14] , some sequences were constructed with their linear complexities proposed. In the latter case, the support set in Z * n can be chosen as
As examples, see [3] and [20] .
Although most of the binary generalized cyclotomic sequences defined in these papers above possess large linear complexity, a modification by changing only a few values of these sequences may diminish the linear complexity sharply, i.e. their linear complexities become unstable. A focus on the sequence E (a,n) is sufficient for this discussion: (the linear complexity is even less than the period), when each value e (n) t with p i |t is properly selected.
• If a i 0 for each 1 ≤ i ≤ r in a, Theorem 2 implies that each segment of length p 1 p 2 · · · p r is identical in the indexes t with gcd(t, p 1 p 2 · · · p r ) = 1. We may use just a segment of length p 1 p 2 · · · p r as a substitution for E (a,n) in cryptographic analysis. Since
this substitution is effective if some e i is large, so the generalized cyclotomic sequences whose period n = p with some large e i seem unsuitable for direct use in key stream sequence.
• In order to find the generalized cyclotomic sequence whose linear complexity is stable, it is better to consider those generalized cyclotomic sequences whose period is n = p 1 p 2 · · · p r with respect to a satisfying a i 0 for each 1 ≤ i ≤ r. By choosing d = 2, a = (1, · · · , 1), and each e s = 1, Theorem 3 induces the representation of generalized Jacobi sequences over n = p 1 p 2 · · · p r below [4] . 
for the indexes i satisfying gcd(i, n) = 1.
Conclusion
The main results of this paper are the following: 1. Properties of some mappings concerning the unified generalized cyclotomic classes in Sect. 2.
2. Constructions and multi-rate representations of generalized cyclotmic sequences in Sect. 3.
3. Analysis on the linear complexity properties of generalized cyclotmic sequences in Sect. 4 .
We made an approach to all the generalized cyclotmic sequences from the view of multi-rate representation, while we hope that this approach can be used for other sequences, or in coding theory. Another concern in the future work is the constructions and properties of the generalized Jacobi sequence in Corollary 2 with large linear complexity.
